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ON I AND I∗-CAUCHY CONDITIONS IN C∗-ALGEBRA VALUED METRIC SPACES
AMAR KUMAR BANERJEE AND ANIRBAN PAUL
ABSTRACT. The idea of C∗-algebra valued metric spaces was given by Z. Ma et al [21] in 2014. Here
we have studied the ideas of I-Cauchy and I∗-Cauchy sequences and their properties in such spaces
and also we give the idea of C∗-algebra valued normed spaces.
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1. INTRODUCTION
The idea of statistical convergence of sequences of real number was introduced by Steinhaus [24]
and Fast [12] as a generalizations of ordinary convergence of sequences of real numbers. Later many
more works were done in this direction [1, 13, 23]. In 2001, P. Kostryko et al [14] introduced the idea
of I-convergence of real sequences using the ideals of the set of natural numbers as a generalization
of statistical convergence. Later in 2005, Lahiri and Das [18] studied the same in a topological space
and then many works were carried out in this direction [2, 3, 4, 7, 8, 10, 17]. In 2017, Banerjee and
Mondal [6] studied the same for double sequences in a topological space. Then the idea of I-Cauchy
condition was studied by Dems [11]. Later I∗-Cauchy condition was studied by Nabiev et al [22] and
further investigated by Das et al [9].
One of the main direction in obtaining possible generalizations of these ideas in metric spaces is the
study of same in a new type of spaces . In 2014, Z. Ma and L. Jiang [21] introduced the concept of
C∗-algebra valued metric spaces. The main idea of our paper deals using the set of positive elements
of a unital C∗-algebra instead of the set of all real numbers. Obviously such spaces generalize the
concepts of metric spaces as well as the cone metric spaces. In this paper we have studied on I and
I∗-Cauchy conditions in a C∗-algebra valued metric space and have discussed some results in this
framework.
The idea of a cone normed space was introduced by D. Turkoglo et al [25] which is a generalization
of normed spaces. Based on the idea of C∗-algebra we have introduced here the idea of C∗-algebra
valued normed spaces which seems more general than the notion of cone normed spaces.
To begin with, we collect some definitions and basic facts on the theory of I-convergence in metric
spaces and the theory of C∗-algebras, which will be needed in sequel.
2. PRELIMINARIES
Recall that a Banach algebra A (over the field of complex numbers ) is said to be a C∗-algebra if
there is an involution ∗ in A i.e, a mapping ∗ : A 7→ A satisfying a∗∗ = a for each a ∈ A such that,
for all a, b ∈ A and λ, µ ∈ C the following hold:
(i) (λa+ µb)∗ = λ¯a+ µ¯b;
(ii) (ab)∗ = b∗a∗;
(iii)‖a∗a‖ = ‖a‖2
1
2 AMAR KUMAR BANERJEE AND ANIRBAN PAUL
Note that, from (iii), it easily follows that ‖a‖ = ‖a∗‖ for each a ∈ A. Moreover if A contains an
identity element 1A then A is said to be unital C
∗-algebra. In the rest of the paper A will always be
a unital C∗-algebra with unit 1A and the zero element 0A. Ah will denote the set of all self-adjoint
element a (i.e, satisfying a∗ = a). An element a ∈ A is called positive if a ∈ Ah and having spectrum
σ(a) ⊂ R+, where R+ = [0,∞) and σ(a) = {λ ∈ R : (λ1A − a) is non-invertible}, the spectrum of
a. We denote the set of all positive elements of A by A+. It is easy to see that A+ is a (closed) cone
in the normed space A (see, Lemma 2.2.3[20]) and thus a partial order  on Ah can be induced by
a  b if and only if b− a ∈ A+. We now consider following simple results in C∗-algebra.
Lemma 2.1. ([20]) (i) A+ = {a∗a : a ∈ A};
(ii) if a, b ∈ Ah, a  b, and c ∈ A, then c
∗ac  c∗bc;
(iii) for all a, b ∈ Ah if 0A  a  b then ‖a‖ ≤ ‖b‖.
In the standard terminology used for cones in normed spaces, the property (iii) of the above lemma
means that the cone A+ in Ah is normal with normal constant equal to 1. The idea of C
∗-algebra
valued metric spaces has been given in [21] analogously as the metric axioms (see [5]) as follows:
Definition 2.1. [21] Let X be a non-empty set. A C∗-algebra valued metric on X is a mapping
d : X ×X 7→ A satisfying the following conditions:
(I) 0A  d(x, y) for all x, y ∈ X and d(x, y) = 0A if and only if x = y.
(II) d(x, y) = d(y, x) for all x, y ∈ X.
(III) d(x, y)  d(x, z) + d(z, y), for all x, y, z ∈ X.
The triplet (X,A, d) is called a C∗-algebra valued metric space.
Remark 1. The set of positive elements in a C∗-algebra forms a cone in C∗-algebra but the underly-
ing vector space need not to be in general a real vector space.
Definition 2.2. [21] Let (X,A, d) be a C∗-algebra valued metric space. Suppose that {xn} ⊂ X and
x ∈ X. If for any ε > 0 there is a n0 such that, ‖d(xn, x)‖ < ε whenever n ≥ n0, then {xn} is said
to be convergent with respect to A and {xn} converges to x and x is the limit of {xn}. We denote
this by lim
n→∞
xn = x.
If for any ε > 0 there is a n0 such that, ‖d(xn, xm)‖ < ε whenever m,n ≥ n0, then {xn} is called
Cauchy sequence with respect to A.
The following definitions and notion will be needed.
Definition 2.3. [16] Let X 6= φ. A family I ⊂ 2X of subsets of X is said to be an ideal of X
provided the following conditions holds:
(i) A,B ∈ I ⇒ A ∪B ∈ I
(ii) A ∈ I,B ⊆ A⇒ B ∈ I
Note that φ ∈ I follows from the condition(ii). An ideal I is called nontrivial if I 6= {φ} and
X 6∈ I . I is said to be admissible if {x} ∈ I for each x ∈ X.
Clearly if I is a nontrivial ideal then the family of sets F (I) =
{M ⊂ X : there exists A ∈ I,M = X \A} is a filter in X. It is called the filter associated
with the ideal I .
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Definition 2.4. [14] Let I ⊂ 2N be a nontrivial ideal of N and (X, d) be a metric space. A sequence
{xn}n∈N of elements of X is said to be I-convergent to x ∈ X if for each ε > 0 the set A(ε) =
{n ∈ N : d(xn, x) ≥ ε} belongs to I .
Definition 2.5. [14] An admissible ideal I ⊂ 2N is said to satisfy the condition (AP) if for every
countable family of mutual disjoint sets {A1, A2, A3, · · · } belonging to I there exists a countable
family of sets {B1, B2, B3, · · · } such that Aj∆Bj is a finite set for each j ∈ N and B =
∞⋃
j=1
Bj ∈ I .
Note that Bj ∈ I for each j ∈ N.
The concepts of I∗-convergence which is closely related to the I-convergence has been given in
[14] as follows:
Definition 2.6. [14] A sequence {xn}n∈N of elements of X is said to be I
∗-convergent to x ∈ X if
and only if there exists a setM = {m1 < m2 · · · < mk · · · } ∈ F (I) such that lim
k→∞
d(x, xmk ) = 0.
In [14] it is seen that I∗-convergence implies I-convergence. If an admissible ideal I has the
property (AP) and (X, d) is an arbitrary metric space, then for arbitrary sequence {xn} of elements
of X, I-convergence implies I∗-convergence.
Throughout the paper (X,A, d) or simply X denote the C∗-algebra valued metric space, A being the
corresponding C∗-algebra, N will denote the set of all positive integers and I stands for an admissible
ideal of N, F (I) denote the filter associated with I unless otherwise stated. We first consider the
following definitions.
Definition 2.7. Let{xn} be a sequence in X and x ∈ X. If for any ε > 0 the set A(ε) =
{n ∈ N : ‖d(xn, x)‖ ≥ ε} ∈ I , then {xn} is said to be I-convergent with respect to A and we write
I-limxn = x.
Definition 2.8. Let {xn} be a sequence in X and x ∈ X. If there exists a M =
{m1 < m2 < · · · < mk < · · · } in F (I) (i.e. N \ M ∈ I) such that for any ε > 0 there exists a
positive integer n0 satisfying ‖d(xmk , x)‖ < ε for all k ≥ n0, then {xn} is said to be I
∗-convergent
to x with respect to A and we write I∗-lim xn = x.
3. I -CAUCHY AND I∗-CAUCHY CONDITIONS IN A C∗-ALGEBRA VALUED METRIC SPACE.
We now introduce the following definitions.
Definition 3.1. A sequence {xn} in X is called I-Cauchy sequence with respect to A if for each
ε > 0 there is a positive integer m such that the set A(ε) = {n ∈ N : ‖d(xn0 , xn‖ ≥ ε} ∈ I .
Definition 3.2. A sequence x = {xn} inX is called an I
∗-Cauchy sequence with respect toA, if there
exists a setM = {m1 < m2 < · · · < mk < · · · } ∈ F (I) such that the sub sequence xk = {xmk} is
a Cauchy sequence in (X,A, d). i.e. for any ε > 0 there is am such that
∥∥d(xmk , xmp)∥∥ < ε for all
k, p > m
Example 3.1. Let X = R, A = M2(R), the space of all 2 × 2 real matrices. Define d(x, y) =
diag(|x − y|, α|x − y|), α ≥ 0 is a constant. Now A can be identified with B(R2), the set of
all bounded linear maps from the Hilbert space R2 to R2, which is obviously a unital Banach-
algebra with pointwise-defined operations for addition: (T1 + T2)(x) = T1(x) + T2(x) and the
scalar multiplication : (λT )(x) = λT (x), the multiplication of operators is given by (T1, T2) 7→
T1 ◦ T2, and the norm is given by the operator norm ‖T‖ = sup
‖x‖=1,x∈R2
‖T (x)‖. A becomes a
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C∗-algebra by taking Hilbert adjoint operator as the the involution map T 7→ T ∗. Now we see
that d(x, y) = Txy where Txy(x
′, y′) = (x′|x − y|, αy′|x − y|). Now consider the sequence
xn =
1
n
. Let ε > 0 be arbitrary. Then we can choose a n0 ∈ N such that
1
n0
< ε. Now,
d(xn, xn0) = Txnxn0 , where Txnxn0 (x, y) = (x|xn − xn0 |, αy|xn − xn0 |) = (
|n0−n|
n0n
x, α( |n0−n|
n0n
)y).
So, ‖d(xn, xn0)‖ =
∥∥Txnxn0∥∥ = sup
‖x‖=1,x∈R2
∥∥Txnxn0 (x)∥∥ =
{
α |n0−n|
n0n
if α > 1
|n0−n|
n0n
if 0 ≤ α < 1
. Now
A(ε) =
{
n ∈ N : |n0−n|
n0n
≥ ε
}
or
{
n ∈ N : α( |n0−n|
n0n
)
}
both of the set is finite set. Hence belongs to
I , as I is an admissible ideal. This shows that xn =
1
n
is I-Cauchy sequence with respect to A in X.
Note. It may happens that there exists an C∗-algebra A with respect to which a sequence is I-Cauchy
but there may exists another C∗-algebra B with respect to which the same sequence may not be
I-Cauchy. The following example is such one.
Example 3.2. We have seen in the example 3.1 that the sequence
{
1
n
}
is I-Cauchy with respect to
A in (X,A, d). Now let us consider the collection B = ℓ∞(S), the set of all bounded complex-
valued functions on S, where S = [a, b]. Then B is unital Banach algebra where the operations
are defined pointwise: (f + g)(x) = f(x) + g(x), (fg)(x) = f(x)g(x), (λf)(x) = λf(x) and
the norm is the sup-norm ‖f‖∞ = sup
x∈S
|f(x)|. With the involution f 7→ f∗ defined by f∗ = f¯ ,
where ‘f¯ ’ denotes the complex conjugation λ 7→ λ¯ of the function f , B becomes a C∗-algebra. Let
d(x, y) =
{
1
|x−y|f if x 6= y
0 if x = y
, where f ∈ B such that ‖f‖ > 1 and f is kept fixed. Let ε > 0 be
given. Then we can choose a n0 ∈ N such that
1
n0
< ε. Then d(xn, xn0) =
1
| 1
n
− 1
n0
|
f = | n0n
n0−n
|f .
So ‖d(xn, xn0)‖ = |
n0n
n0−n
| ‖f‖. Therefore A(ε) = {n ∈ N : ‖d(xn, xn0)‖ ≥ ε} excludes only finite
number of n ∈ N. Now as I is an admissible ideal, so A(ε) /∈ I . Therefore {xn} is not I-Cauchy
with respect to B.
Let ε > 0 and {xn} be a sequence in (X,A, d). We denote Ek(ε) = {n ∈ N : ‖d(xn, xk)‖ ≥ ε},
k ∈ N. Then we have the following proposition.
Proposition 3.1. [11] For a sequence {xn} of points in (X,A, d) the following are equivalent.
(1){xn}n∈N is an I-Cauchy sequence with respect to A.
(2)(∀ε > 0) (∃D ∈ I) (∀m,n 6∈ D) ‖d(xm, xn)‖ < ε.
(3)(∀ε > 0) {k ∈ N : Ek(ε) 6∈ I} ∈ I
Proof. (1)⇒(2) Let ε > 0. Then for ε3 there exists a k ∈ N such that D ={
n ∈ N : ‖d(xn, xk)‖ ≥
ε
3
}
∈ I . Now for any n,m /∈ D we have ‖d(xn, xk)‖ <
ε
3 and
‖d(xm, xk)‖ <
ε
3 . Hence ‖d(xn, xm)‖ ≤ ‖d(xn, xk)‖+ ‖d(xk, xm)‖ <
2ε
3 < ε.
(2)⇒(3) Let ε > 0. Then as in (2) there exists D = Ek(
ε
3) =
{
n ∈ N : ‖d(xn, xk)‖ ≥
ε
3
}
∈ I
such that if m,n /∈ D then ‖d(xn, xm)‖ < ε. We have to prove that {k ∈ N : Ek(ε) /∈ I} ∈ I . We
show {k ∈ N : Ek(ε) /∈ I} ⊂ D. If possible let p ∈ {k ∈ N : Ek(ε) /∈ I} such that p /∈ D. Then
Ep(ε) /∈ I . So Ep(ε) 6⊂ D. Choose r ∈ Ep(ε) \ D. As r ∈ Ep(ε), so ‖d(xr, xp)‖ ≥ ε. But as
r, p /∈ D by the condition ‖d(xr, xp)‖ < ε, a contradiction.
(3)⇒(1) From (3) we have {k ∈ N : Ek(ε) ∈ I} ∈ F (I) ∀ε > 0. Therefore {k ∈ N : Ek(ε) ∈ I} 6=
φ for all ε > 0. Hence there exists k ∈ N such that Ek(ε) ∈ I . Hence (1) follows. 
Theorem 3.2. Let I be an arbitrary admissible ideal. ThenI- lim
n→∞
xn = ξ implies that {xn} is an
I-Cauchy sequence with respect to A in (X,A, d).
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Proof. Let I- lim
n→∞
xn = ξ. Then for each ε > 0, we haveA(ε) = {n ∈ N : ‖d(xn, ξ)‖ ≥ ε} ∈ I .
Since I is an admissible ideal there exists an n0 ∈ N such that n0 /∈ A(ε). Let B(ε) =
{n ∈ N : ‖d(xn, xn0)‖ ≥ 2ε}. Now ‖d(xn, xno)‖ ≤ ‖d(xn, ξ)‖ + ‖d(xn0 , ξ)‖ ( since 0A  a 
b ⇒ ‖a‖ ≤ ‖b‖ ). So, if n ∈ B(ε) then we get 2ε ≤ ‖d(xn, xn0)‖ ≤ ‖d(xn, ξ)‖ + ‖d(xn0 , ξ)‖.
Therefore 2ε ≤ ‖d(xn, xn0)‖ < ε + ‖d(xn, ξ)‖ ( since n0 /∈ A(ε)). So ‖d(xn, ξ)‖ > ε. This shows
that n ∈ A(ε). Thus we see that B(ε) ⊂ A(ε). Also A(ε) ∈ I for each ε > 0. This gives B(ε) ∈ I
i.e. {xn} is I-Cauchy sequence. Hence the proof is complete. 
Theorem 3.3. Let I be an admissible ideal. If x = {xn} is I
∗-Cauchy sequence with respect to A in
X then it is also I-Cauchy sequence with respect to A.
Proof. Let x = {xn} be an I
∗-Cauchy sequence in X with respect to A. Then by definition there
exists a set M = {m1 < m2 < · · · < mk < · · · } ∈ F (I) such that for any ε > 0 there exists
k0 = k0(ε) such that
∥∥d(xmk , xmp)∥∥ < ε for all k, p > k0. Let n0 = mk0+1. Then for every ε > 0
we have ‖d(xmk , xn0)‖ < ε for all k > k0. Now the set H = N \M ∈ I and
A(ε) = {n ∈ N : ‖d(xn, xn0)‖ ≥ ε} ⊂ H ∪ {m1 < m2 < · · · < mk0} .
The set H ∪ {m1 < m2 < · · · < mk0} ∈ I . Therefore, A(ε) ∈ I and hence {xn} is I-Cauchy with
respect to A. 
Note. I∗-convergent sequence in X with respect to A always implies that it is also I-Cauchy with
respect to A. For, let {xn} be a sequence in X which is I
∗-convergent with respect to A to x ∈ X.
Then there exists M = {m1 < m2 < · · · < mk < · · · } ∈ F (I) ( i.e. N \M ∈ I ) such that for
any ε > 0, ‖d(xmk , x)‖ < ε/2 for all k > N = N(ε/2). Now
∥∥d(xmk , xmp)∥∥ ≤ ‖d(xmk , x)‖ +∥∥d(xmp , x)∥∥ ≤ ‖d(xmk , x)‖+∥∥d(xmp , x)∥∥ < ε/2+ε/2 = ε for all k, p > N . So {xn} is I∗-Cauchy
in (X,A, d). Now as I∗-Cauchy sequence is I-Cauchy sequence with respect toA, so a I∗-convergent
sequence always implies that it is also I-Cauchy with respect to A.
In general I-Cauchy condition with respect to A does not imply I∗-Cauchy condition with respect
to A, as shown in the following example.
Example 3.3. Let X = R and A = ℓ∞(S), the set of all bounded complex-valued functions on
S, where S = [a, b]. Then A is unital Banach algebra where the operations are defined pointwise:
(f + g)(x) = f(x) + g(x), (fg)(x) = f(x)g(x), (λf)(x) = λf(x) and the norm is given by the
sup-norm i.e, ‖f‖∞ = sup
x∈S
|f(x)|. With the involution f 7→ f∗ defined by f∗ = f¯ , where ‘f¯ ’ denotes
the complex conjugation λ 7→ λ¯ of the function f , A becomes a C∗-algebra. Now let N =
⋃
j∈N
∆j be
a decomposition of N such that each ∆j =
{
2j−1(2s− 1) : s = 1, 2, 3, · · ·
}
. Then ∆i ∩∆j = φ for
i 6= j. Let I be the class of all those subsets of N that can intersects with only a finite numbers of∆i’s.
Then clearly I is a non-trivial admissible ideal of N. Let xn =
1
j
if n ∈ ∆j . Let d(x, y) = |x− y|f ,
where f ∈ CA with ‖f‖ > 1 and f is kept fixed. Let ε > 0 be given. Now there is a N = N(ε) ∈ N
such that 1
N
< ε2s , where s = sup
x∈R
|f(x)|. Then
∥∥d( 1
n
, 1
m
)
∥∥ = | 1
n
− 1
m
|s ≤ ( 1
n
+ 1
m
)s < s( ε2s+
ε
2s) = ε
for all n,m ≥ N . NowB = ∆1∪∆2∪· · ·∪∆N ∈ I and clearlym,n /∈ B implies ‖d(xm, xn)‖ < ε.
Hence {xn} I-Cauchy in (X,A, d) by the preposition 3.1. Next we shall show that {xn} is not I
∗-
Cauchy with respect to A. If possible assume that {xn} is I
∗-Cauchy. Then there is a M ∈ F (I)
such that {xn}n∈M is Cauchy sequence with respect to A. Since N \M ∈ I , so there exists a l ∈ N
such that N \M ⊂ ∆1 ∪∆2 ∪ · · ·∆l but then ∆i ⊂M for all i > l. In particular ∆l+1,∆l+2 ⊂M .
Now from the construction of∆i’s it follows that given any k ∈ N there arem ∈ ∆l+1 and n ∈ ∆l+2
such that m,n ≥ k. Hence ‖d(xm, xn)‖ =
1
(l+1)(l+2)s where s = ‖f‖. Choose ε0 =
s
3(l+1)(l+2) .
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Therefore there is no k ∈ N such that whenever m,n ∈ N with m,n ≥ k then ‖d(xn, xm)‖ < ε0
holds. This contradicts the fact that {xn}n∈M is Cauchy with respect to A.
However the converse of Theorem 3.3 holds if the condition (AP) hold for an admissible ideal I .
To prove that we need the following lemma.
Lemma 3.4. [11] Let {Pi}
∞
i=1 be a countable collection of subsets of N such that Pi ∈ F (I) for each
i, where F (I) is a filter associated with an admissible ideal I with the property (AP). Then there
exists a set P ⊂ N such that P ∈ F (I) and the set P \ Pi is finite for all i.
Theorem 3.5. If I be an admissible ideal with the property (AP) and if {xn} is a I-Cauchy sequence
inX with respect to a C∗-algebra A then it is I∗-Cauchy with respect to a C∗-algebra A
Proof. Let x = {xn} inX be an I-Cauchy sequence with respect toA and let ε > 0 be arbitrary. Then
by definition, there exists a positive integer n0 such that A(ε) = {n ∈ N : ‖d(xn, xn0)‖ ≥ ε} ∈ I .
So in particular for each k ∈ N, there exists mk such that A(
1
k
) =
{
n ∈ N : ‖d(xn, xmk)‖ ≥
1
k
}
∈
I . Let Bk =
{
n ∈ N : ‖d(xn, xmk)‖ <
1
k
}
, where k = 1, 2, · · · . It is clear that Bk ∈ F (I) for
k = 1, 2, · · · . Since I has the property (AP), then by lemma (3.4) there exists a set P ⊂ N such
that P ∈ F (I), and P \ Bk is finite for all k. Now let j ∈ N be such that j >
2
ε
. As P \ Bj
is a finite set there exists k such that m,n ∈ P implies m ∈ Bj and n ∈ Bj for all m,n > k.
Therefore,
∥∥d(xn, xmj )∥∥ < 1j and ∥∥d(xm, xmj )∥∥ < 1j for all m,n > k. Hence it follows that
‖d(xn, xm)‖ ≤
∥∥d(xn, xmj )∥∥+ ∥∥d(xm, xmj )∥∥ < 2j < ε form,n > k. Thus, there exists P ∈ F (I)
such that for any ε > 0 there exists k satisfying m,n > k, m,n ∈ P ∈ F (I) ⇒ ‖d(xn, xm)‖ < ε.
This shows that the sequence {xn} in X is an I
∗-Cauchy sequence with respect to A. 
4. C∗ ALGEBRA VALUED NORMED SPACE
We will now introduce the concepts of C∗-algebra valued normed space.
Definition 4.1. Let X be a real vector space. Suppose that the mapping ‖.‖
A
: X 7→ A be such that
(i) ‖x‖
A
≥ 0A for all x ∈ X and ‖x‖A = 0A if and only if x = θX , where θX is the zero element of
X.
(ii) ‖αx‖
A
= |α| ‖x‖
A
, x ∈ X, α ∈ R.
(iii) ‖x+ y‖
A
≤ ‖x‖
A
+ ‖y‖
A
for all x, y ∈ X.
Then ‖.‖
A
is called a C∗-algebra valued norm on X and the pair (‖.‖
A
,X) is called C∗-algebra
valued normed space.
It is easy to show that every normed space is a C∗-algebra valued normed space by putting A = R
with the involution map a 7→ a∗ taken to be a∗ = a for all a ∈ A.
Example 4.1. Let X = R, A = M2(R), the space of all 2 × 2 real matrices. Now A can be
identified with B(R2), the set of all bounded linear maps from the Hilbert space R2 to R2, which is
obviously a unital Banach-algebra with pointwise-defined operations for addition : (T1 + T2)(x) =
T1(x) + T2(x) and the scalar multiplication : (λT )(x) = λT (x), the multiplication of operators is
given by (T1, T2) 7→ T1 ◦ T2, and the norm is given by the operator norm ‖T‖ = sup
‖x‖=1,x∈R2
‖T (x)‖.
A becomes a C∗-algebra by taking the involution map T 7→ T ∗ to be the Hilbert adjoint operator.
Let (X, ‖.‖) be a normed space with usual norm on R. Let us define a map ‖.‖
A
: X 7→ A by
‖x‖
A
= ‖x‖
(
a 0
0 b
)
, where a, b is being kept fixed. Then (X, ‖.‖
A
) is a C∗-algebra valued normed
space.
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Remark 2. Let (X, ‖.‖
A
) be a C∗-algebra valued normed space. Set D(x, y) = ‖x− y‖
A
. Then
clearly (X,D) becomes a C∗-algebra valued metric space. D is then called “the C∗-algebra valued
metric induced by the C∗-algebra valued norm ‖.‖
A
”
Theorem 4.1. The C∗-algebra valued metric D induced by a C∗-algebra valued norm satisfies:
(i) D(x+ a, y + a) = D(x, y)
(ii)D(αx, αy) = |α|D(x, y), where x, y, a ∈ X and α ∈ R.
Proof. We haveD(x+a, y+a) = ‖(x+ a)− (y + a)‖
A
= ‖x− y‖
A
= D(x, y) andD(αx, αy) =
‖αx− αy‖
A
= |α| ‖x− y‖
A
= |α|D(x, y). 
The following example is given to show thatC∗-algebra valued matrices do not necessarily produce
C∗-algebra valued norm.
Example 4.2. LetX = R, A = M2(R). We can identify A with B(R
2), the set of all bounded linear
maps from the Hilbert space R2 to R2, which is obviously a unital Banach-algebra with pointwise-
defined operations for addition : (T1 + T2)(x) = T1(x) + T2(x) and the scalar multiplication :
(λT )(x) = λT (x), the multiplication of operators is given by (T1, T2) 7→ T1 ◦ T2, and the norm is
given by the operator norm ‖T‖ = sup
‖x‖=1,x∈R2
‖T (x)‖. By taking the Hilbert adjoint operator as the
involution map T 7→ T ∗, A becomes a C∗-algebra. Let d(x, y) =


(
1 0
0 1
)
, if x 6= y
0, if x = y
. Then d
is a C∗-algebra valued metric space. Clearly d does not satisfies the property as in the theorem 4.1.
Convergence in a C∗-algebra valued normed space is described by the C∗-algebra valued metric
induced by the C∗-algebra valued norm.
Definition 4.2. A sequence {xn} ∈ X said to converge an element x ∈ X, if for any ε > 0 there
exist a n0 ∈ N such that ‖D(xn, x)‖ = ‖‖xn − x‖A‖ < ε for all n > n0.
Hence a sequence xn → x if and only if ‖D(xn, x)‖ → 0 as n→∞.
Remark 3. All the results of section 3 viz Proposition 3.1, Theorem 3.2, Theorem 3.3, Theorem 3.5
also hold if we take the C∗-algebra valued normed spaces (X, ‖.‖
A
) instead of C∗-algebra valued
metric spaces (X,A, d)
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